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Abstract. We determine the fusion rules of the equivariantization of a fusion 
category C under the action of a finite group G in terms of the fusion rules of C 
and group-theoretical data associated to the group action. As an application 
we obtain a formula for the fusion rules in an equivariantization of a pointed 
fusion category in terms of group-theoretical data. This entails a description 
of the fusion rules in any braided group-theoretical fusion category. 



Throughout this paper we shall work over an algebraically closed field k of char- 
acteristic zero. Let C be a fusion category over k, that is, C is a semisimple rigid 
monoidal category over k with finitely many isomorphism classes of simple objects, 
finite-dimensional Horn spaces, and such that the unit object 1 is simple. 

Consider an action p : G — > Aut g C of a finite group G by tensor autocquiva- 
lences of C and let C be the equivariantization of C with respect to this action. 
Equivariantization under a finite group action, as well as its applications, general- 
izations and related constructions, have been intensively studied in the last years 
by several authors. Sec for instance [TJ [21 131 13 El H31 US] ■ 

In the sense of the notions introduced in [31 [3] , equivariantization gives rise in a 
canonical way to a central exact sequence of tensor categories 



where repG is the category of finite-dimensional representations of G. On the 
other hand, combined with the dual notion of (graded) group extension of a fusion 
category, equivariantization underlies the notion of solvability of a fusion category 
developed in [§]. 

An important invariant of a fusion category C is its Grothcndicck ring, gr(C). 
For instance, the knowledge of the structure of the Grothendieck ring allows to 
determine all fusion subcategories of C, which correspond to the so-called based 
subrings. 

Let Irr(C) = {1 = So, . . . , S n } denote the set of isomorphism classes of simple 
objects of C. Then Irr(C) is a basis of gr(C) and, for all < i,j < n, we have a 
relation 
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where N-j are non-negative integers given by iV,' • = dim Home (Si, ® Sj), < 
I < n. The relations are known as the fusion rules of C. They are determined 
by the set Irr(C) and the multiplicities iV? • € Z> . 

The main result of this paper is the determination of the fusion rules of C G in 
terms of the fusion rules of C and certain canonical group-theoretical data associ- 
ated to the group action. This is contained in Theorem 13.91 As it turns out, the 
structure of the Grothendieck ring of C G resembles that of the rings introduced by 
Witherspoon in [T7] . 

As an example, consider a semisimple cocentral Hopf algebra extension H of a 
Hopf algebra A by a finite group G, that is, H fits into a cocentral exact sequence 

k^A^H^kG^k. 

As shown in [TJ] the category Rep H of finite-dimensional representations of H is an 
equivariantization (Rep A) G with respect to an appropriate action of G on Rep A. 
Thus Theorem 13.91 implies that the fusion rules of the category Rep H can be 
described in terms of the fusion rules of Rep A and the action of G. In particular, 
Theorem 13.91 generalizes the results obtained for cocentral abelian extensions of 
Hopf algebras in [8] and [T7] . 

We discuss in detail the case where C is a pointed fusion category, that is, when 
all simple objects of C are invertible. In this case the fusion rules of C G are described 
completely in terms of group-theoretical data. See Theorem 14. II 

It is known that every braided group-theoretical fusion category is an equivari- 
antization of a pointed fusion category [TOJ [TT] . Therefore, our results entail the 
determination of the fusion rules in any braided group-theoretical fusion category 

In order to establish Theorem 13.91 we give an explicit description of the simple 
objects of the equivariantization C G . This is done, more generally, for any action 
p : G — s- Aut C of the group G by autoequivalences of a fc-linear finite semisimple 
category C. Such an action induces naturally an action of G on the set Irr(C) of 
isomorphism classes of simple objects of C. Let Y € Irr(C) and let Gy C G denote 
the inertia subgroup of Y, that is, 

(1.2) G Y = {g e G \ p 9 (Y) ~ Y}. 

We show that isomorphism classes of simple objects of C G are parameterized by 
pairs (Y, ir), where Y runs over the orbits of the action of G on Irr(C), and it is the 
equivalence class of an irreducible projective representation of the inertia subgroup 
Gy with a certain factor set 5y 6 Z 2 (Gy , k*). This result is analogous to the 
parameterization of irreducible representations of a finite group in terms of those of 
a normal subgroup given by Clifford Theorem. It extends the description obtained 
in [T3] for the case where C G is the category of representations of an (algebra) group 
crossed product (see [HJ Subsection 3.1]). 

In the case where C is a fusion category, the duality in C gives rise to a ring invo- 
lution * : gr(C) — > gr(C). We describe this ring involution for the Grothendieck ring 
of C G in Subsection 13.41 more precisely, we use Theorem 13.91 in order to determine 
the dual of the simple object in C corresponding to a pair (Y, ir) as above. 

We may regard rep G as a fusion subcategory of C G under a canonical embedding. 
In this way C becomes a rep G-bimodule category under the action given by tensor 
product. As another consequence of Theorem 13.91 we give a decomposition of C G 
into indecomposable repG-module categories. See Theorem l3.14l 

The paper is organized as follows. In Section [2] we recall the definition of the 
equivariantization of a semisimple abelian category over k under a finite group 
action and give a parameterization of its simple objects. With respect to this 
parameterization, we determine in Section[3]the fusion rules in an equivariantization 
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of a fusion category. Appart from the main result, Theorem l3.9[ we also present in 
this section the above mentioned applications to the determination of the dual of a 
simple object and the decomposition of C G as a rep G-bimodule category. In Section 
[4] we specialize our main result to the case of an equivariantization of a pointed 
fusion category and in particular, to braided group-theoretical fusion categories. 
We include an Appendix at the end of the paper, where we give an account of the 
relevant facts about projective group representations needed throughout. 

2. Simple objects of an equivariantization 

The goal of this section is to describe a (mostly well-known) Clifford correspon- 
dence entailing a classification of isomorphism classes of simple objects of C G in 
terms of the action of G on the set Irr(C) of isomorphism classes of simple objects 
of C. By abuse of notation, we often indicate an object of a category C and its 
isomorphism class by the same letter. 

2.1. Equivariantization under a finite group action. Let C be a finite semisim- 
ple k- linear category and let G be a finite group. Let also p : G — > Aut C be an 
action of G on C by fc-linear autoequivalences. Thus, for every g G G, we have a 
fc-linear functor p 9 : C — >• C and natural isomorphisms 

fi h : p s p h p gh , g,heG, 

and po : idc ~~ ► P e \ subject to the following conditions: 

(2.1) { P t c )x (P 2 ° ,( VW = (P2 bC )x P a ((P2 C )x), 

(2-2) (P2 e )xP a MX) = ( P r)x(po) pH x), 

for all objects A g C, and for all a, b, c £ G. By the naturality of p 9 .' , g,h e G, we 
have the following relation: 

(2-3) P 3h (f)(p S 2 h )Y = (p 9 2 h )xP 9 p H (f), 

for every morphism / : Y — > X in C. For simplicity, we shall assume in what follows 
that p e = idc aud po, p|' e , p^ 9 are identities. 

Let C denote the corresponding equivariantization. Recall that C G is a finite 
semisimple fc-linear category whose objects are G-equivariant objects of C, that is, 
pairs (X,p), where X is an object of C and p = (p 9 ) g< zc, such that p 9 : p 9 X — > X 
is an isomorphism, for all g 6 G, satisfying 

(2.4) p 9 p 9 (p h )=p 9h (p 9 2 Jl ) x , Vg,heG, p ePox =id x . 

A morphism / : (A, p) — > (A', p') in C G is a morphism / : A — s- A' in C such that 
fp 9 = p' 9 p 9 (f), for all g g G. 

We shall also say that an object A of C is G-equivariant if there exists such a 
collection p = (p 9 ) ge G so that (A, p) £ C G . Note that p is not necessarily unique. 

The forgetful functor F : C G — > C, F(X,p) = A, is a dominant functor. The 
functor F has a left adjoint L : C — > C G , defined by L(X) = (© te G/9*A, p x ), where 
(t L x) g ■ ®t&GP 9 /°*A — > © te cp*A is given componentwise by the isomorphisms 
(p 9 2 ' )x- The composition T p = FL : C -> C is a faithful fc-linear monad on C such 
that C G is equivalent to the category C Tp of Tp-modules in C. See [H Subsection 
5.3]. 



4 



SEBASTIAN BURCIU AND SONIA NATALE 



2.2. Probenius-Perron dimensions of simple objects of C . Let X, Y € C. 

Then Hom c (p 9 X, p 9 Y) ~ Hom c (X, F), for all jeG. Therefore, for all g G G, and 
for all objects M of C G , we have 

(2.5) Rom c (F{M),p 9 Y) ~ Homc(F(M), F). 

The action of the group G on C permutes isomorphism classes of simple objects 
of C. Let Y G Irr(C). We shall denote Gy := Sto(F) C G the inertia subgroup of 
Y, that is, 

G Y = {geG\ p 9 (Y)~Y}, 

Then Y has exactly n = [G : Gy] mutually nonisomorphic G-conjugates Y = 
Y\, . . . ,Y n . For every 1 < j < n, we have Yj ~ p 9j Y, where gi = e, . . . ,g n is a 
complete set of representatives of the left cosets of Gy in G. 

Proposition 2.1. Lei M = (X,p) be a simple object of C G and let Y be a simple 
constituent of X in C. Let Y = Y±, . . . ,Y n , n — [G : Gy], be the mutually noniso- 
morphic G-conjugates ofY. Then X ~ m ©f =1 Yi, where m = dimHome(X, Y). 

Proof. Consider the object T(Y) = FL(Y) = ® geG p 9 Y. Let Z be a simple object 
of C such that Z ¥ Y j: j = 1, . . . , n. Then Hom c (Z, T{Y)) = 0. By adjointness, we 
have HomcG(L(y), M) ~ Homc(F, X) ^ 0. Then M is a simple direct summand 
of L(Y) in C G . This implies that X = F(M) is a direct sum of simple subobjects 
of FL(Y) = T{Y). Therefore Hom c (Z,X) = 0. 

Hence X ~ ©™ = i?rijF, where n%i = dimHomc(F, X), for all i. By (|2.5p . we have 
rrii = mi = m, for all i = 1, . . . , n. This proves the proposition. □ 

Corollary 2.2. Let M = (X,p) be a simple object of C and let Y be a sim- 
ple constituent of X in C. Then FPdimM = m[G : Gy]FPdimY, where m = 
dim Home (Y,X). □ 

2.3. Equivariantization and projective group representations. Let Y G C 

be a fixed simple object. The action p of G on C induces by restriction an action of 
Gy on C by autoequi valences. We may thus consider the equivariantization C Gy . 

By definition of Gy, there exist isomorphisms c 9 : p 9 {Y) — > Y, for all g G Gy. 
For all g,h G Gy, the composition c 9 p 9 (c h )(p?,^ 1 ) 1 (c gh )~ 1 defines an isomorphism 
Y — > Y. Since Y is a simple object, there exist nonzero ay(g, h) G k such that 

(2.6) ay(g, hy 1 iA Y = cVC^X/^'TV'T 1 = Y -> Y. 
This defines a map 5y : Gy x Gy — > k* which is a 2-cocycle on Gy. 

Remark 2.3. The cocycle ay measures the possible obstruction for (Y,c) to be a 
Gy-equi variant object, where c = (c 9 ) 9 gG y . 

Consider another choice of isomorphisms v 9 : p 9 (Y) — > Y, g G Gy. Since F is a 
simple object, the composition c 9 (w 9 ) -1 : Y — > Y is given by scalar multiplication 
by some f(g) G k* , for all g G Gy. Denoting by (3y the 2-cocycle related to {v 9 ) g , 
it easy to see that ay and /3y differ by the coboundary of the cochain / : Gy — > k* . 
This implies that the cohomology class ay G H 2 (Gy 7 k*) of ay depends only on 
the isomorphism class of the simple object Y. 

Lemma 2.4. Let (X,p) G C G and let Y G Irr(C). Consider, for every g G Gy, 
isomorphisms c 9 : p 9 (Y) — > Y and let ay be the associated 2-cocycle on Gy. Then 
the space Homc(F, X) carries a projective representation of Gy with factor set ay, 
defined in the form 

(2.7) 7r(g)(f) = ^p 9 (f)(c 9 )- 1 :Y^X, 
for all f G Hom c (F,X). 
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Proof. The relation n(g)7r(h) = ay(g, h)ir(gh), g,h € G, follows by straightforward 
computation, using the compatibility conditions for p. □ 

Remark 2.5. Suppose that </> : (X, /x) — > (X',p') is an isomorphism in C G . Then 
the induced isomorphism Home(F, X) — > Home(Y", X'), f i-> <fif, is an isomorphism 
of projective representations. Similarly, if Y' ~ Y is another representative of 
the isomorphism class of Y and c' 9 : p 9 (Y') — > Y', g G Gy, is a collection of 
isomorphisms, then the projective representations Homc(Y, X) and Homc(Y',X) 
are projectively equivalent. 

Proposition 2.6. Let Y £ Irr(C). There is a bijective correspondence between iso- 
morphism classes of simple objects L = (N, v) of C Gy such that N ~ Homc(y, N)® 
Y and equivalence classes of irreducible ay -projective representations of the group 
Gy . If the simple object L — (N, v) corresponds to the projective representation tt, 
then 7r ~ Homc(Y", N) and FPdimL = dim7r FPdimy. 

Proof. Let c 9 : p 9 (Y) — > Y, g G Gy , be any fixed choice of isomorphisms, and let 
ay be the associated 2-cocycle. Let also 7T be a projective representation of Gy on 
the vector space V with factor set ay. Then the pair (V <E)Y, v) is a Gy-equivariant 
object, where 

(2.8) v 9 = n(g) ® c 9 : p 9 (V ®Y) = V® p 9 {Y) -> V ® Y. 

Conversely, if L = (N,v) is an object of C Gy with N ~ Homc(y, iV) ® F, then 
y = Homc(y, iV) carries a projective representation 7r of Gy- with factor set ay- 
defined by ([277)1 . 

These assignments are functorial and mutually inverse up to isomorphisms. Then 
L = (N, v) is a simple object of C Gy if and only if V = Home 0^ N) is an irreducible 
projective representation. This implies the proposition. □ 

2.4. The relative adjoint. Consider the forgetful functor Fy : C G -> C G5 '. Wc 
discuss in this subsection the left adjoint Ly : C° Y — > C G of the functor Fy. 

Let 1Z be a set of representatives of the left cosets of Gy in G. So that G is a 
disjoint union G = UteiztGy . 

Set, for all (iV,i/) G C Gy , L y (A» = L^{N,v) = (®ten/f(.N),fj), where, for all 
.g G G, /i 9 : ®tenP g P*{N) — > © tg 7^.p*(A r ) is defined componentwise by the formula 

(2.9) M 9 '* = ^VXpfrVf : P 9 P*W ^ P s m 

where the elements h G Gy, s G 1Z are uniquely determined by the relation 

(2.10) gt = sh. 

Remark 2.7. We shall show in Proposition 12.91 below that the functor Ly thus 
defined is left adjoint of the functor Fy. By uniqueness of the adjoint, it will follow 
that, up to isomorphism, Ly does not depend on the particular choice of the set of 
representatives 1Z. 

Lemma 2.8. Let (N, v) G C Gy . Then Ly(N, v) G C G . 

Proof. For every g G G, t G 1Z, let s(g,t) G 1Z, h(g,t) G Gy be the elements 
uniquely determined by the relation gt = s(g,t)h(g,t). Note that, for all a,b G G, 
t GlZ, the following relations hold: 

(2.11) s(ab,t) = s(a,s(b,t)), 

(2.12) h(ab, t) = h(a, s(b, t))h(b, t), 

(2.13) s(ab, t)h(a, s(b, t)) = as(b, t). 
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In order to prove the lemma we shall show that, for all objects (N, v) G C Gv 
and for all a, b € G, t £ 1Z, the following diagram is commutative: 

(2.14) p a p b p\N) " 2 pUN) = p ab p\N) 
P a ^ 

p a pS (M)(7v) > p s( - ab ' t \N). 

This is done as follows. By (|2.9p . the relevant maps in diagram (|2.14[) are given by 

(2.15) = p^.^C-M)) ( p *(ab,t)Mab,t)yl p ab,t > 

(2 16) j JL a A b > t ) = /0 *(o.»(M))( I/ 'i(<»,«(M))j ^*(a>»(M)).fc(a,s(h,t))j_l^a,s(&,t) 

(2.17) pV') = p«p» (6 '* ) (^ (M) )P°(rf CM)h(6 ' t) )" 1 P o 0# ')■ 

Using (|2.11[) and the fact that (N, v) is Gy-cqui variant, we compute 

p s(ab,t) ,h(ab,t)\ _ pS (a,s(b,t))f u h(a,s(b,t))h(b,t)\ 

= p s(a,s(b,t)) ( h{a,s{b,t)) p h{a, S {b,t))^h{b,t)^ ^ p h(a,s(b,t))Mb,t)y-L\ 

_ p s(a,s(b,t)) ( u h(a,s(b,t))\ p s{a,s{b,t)) p h{a,s{b,t)) /^(M) 



p s(a.s(b,t)) ^Mo,s(l),t)),MM)j 1 



Similarly, relations (|2.12j) and (|2.13[) . together with the defining condition (|2.1[) on 
the isomorphisms p2, give 

-l 



s(ab,t),h(ab,t)\ 1 s(ab.t) ( h(a,s(b,t)),h(b,tj\ ( s(ab,t),h(a,s(b,t)) 

Pi J — P y>2 J yP2 



O(JV) 



The naturality condition (|2.3[) on p^ and relation (|2 . 13[) imply that 

^(aMUO.^M))^" 1 _ ^ j0 s(a6,t) (0 'i(a,s(!),t))^h(b,t)-)^ 1 ^ (0 s( a 6,t),/i(a, S (&,t))^" 1 

x p s(ab,t),h(a,s(b,t)) ^h(b,t)^ 

Hence we get 

p s(ab,t) (yh(ab,t)j ( p s(a6,t),h(a6,t)\ _1 _ pS ( a , s (b,t)) / h(o,s(6,t))^ / *(aM),fc(<M(M)A _1 

X p as (b,t) (yh{b,t)^ ^ p as{b,t)),h{b,t)'y 1 . 

Composing this resulting morphism with the inverse of 

p«(<M(M))( l/ h(<M(M))) ^s(o,s(6,i)),/i(o,s(6,i))^-l 

and using (|2.13[) . we obtain the expression 

(2.18) ^,0.(6,0^(6,0) ^™(M),fc(M)) _1 _ 

Using relation (|2.ip . we see that commutativity of the diagram (|2.14p is equivalent 
to 

(2.19) ^(6,0(^(6,0) ^( i ' t )- fc ( 6 >*))~ 1 ^ w p«( / 4'*) = M «.«(M) p a( /i M). 
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Finally, we compute 

a,bt a.s(b.t)h(b,t) 
P2 = P2 

as(b,t),h(b,t) i a,s(b,t)\ ai s(b,i),>*(M)\-l 

— P2 VP2 )pHi>,t)(N) P {P2 ) 

_ ^as(b,t)Mb,t) p as(b,t) ^h(b,t)yl ^s(b.t) ^ a p s(b,t) („h{b,t)^ p a / s(M) ,MM) yl 

Combining this with (|2.17[) we get relation (|2.19[) . This shows that the diagram 
(12.141) is commutative, as claimed, and finishes the proof of the lemma. □ 

In view of Lemma [2TS1 there is a well defined functor Ly = Ly '■ C Gy ~ * C G - 

Proposition 2.9. The functor Ly is left adjoint of the functor Fy ■ 

Proof. We define natural transformations ?y: id c c Y -^FyL Y and e: L Y F Y —> idee, 
in the form 

V{N.u) = ie : N = P e (N) -> F Y I%(N,v) = F Y (® ten p t (N), f i), 
£(M,„) = ®tenu t : L§Fy(M,u) = (@tenP t {M),p) -> (Af,u), 

for every {N,v) £ C Y , (M, u) £ C G . It is straightforward to verify that r\ and e 
are well-defined and that the compositions 

Fy ■ — } Fy Ly Fy — > Fy , Ly — > LyFyLy — T -Ly 

are identities. This implies the proposition. □ 

Remark 2.10. Note that the restriction of Ly to the fusion subcategory rep Gy of 
C Y is isomorphic to the induction functor repGy —¥ repG C C G . 

As pointed out in Remark 12.71 we have the following: 

Corollary 2.11. The functor Ly is, up to isomorphism, uniquely determined by 
the subgroup Gy. □ 

2.5. Parameterization of simple objects. The following theorem is the main 
result of this section. 

Theorem 2.12. Let Y £ C be a simple object. Then the functor Ly : C Gy ->■ C G 

induces a bijective correspondence between isomorphism classes of: 

(a) Simple objects (N, v) £ C Gy such that Homc(Y", N) 7^ 0, and 

(b) Simple objects (X,[i) £ C G such that Hom c (T, X) ^ 0. 

If (X,fi) in C G as in (b) corresponds to (N,i>) in C Gy as in (a), then we have 
Homc(Y,-/V) — Homc(Y 1 X) as projective representations of Gy . Moreover, N ~ 
Horned, N)®Y. 

Proof. Let (N,u) £ C Gy be a simple object as in (a). By Proposition 12. II applied 
to Gy, N ~ mY, where m = dimHom c (y, N). Thus N ~ Hom c (F, N) ® Y. 

Let (X, p) £ C be a simple object such that (N, v) is a simple direct summand of 
Fy(X, p) in C Y . By adjunction, (X, p) is a simple direct summand of Ly(N, v) in 
C G . Then X is a direct summand of (BteG/GyP*^) m C. Since X is G-equi variant, 
then Hom c (X, AO + 0. 

Therefore Home (Y, X) ^ and (X,p) satisfies the condition in (b). 

Again by Proposition 12.11 we get that X ~ e ©™ =1 Yi, where Y — Y\,...,Y n , 
n = [G : Gy], are the mutually nonisomorphic G-conjugates of Y. Note that 
e = dim Home (Y, X) < dim Home (V", N) = m, because the multiplicity of Y in 
p*(N) is 0, for all t^Gy. 
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Since (N,v) is a direct summand of Fy(X,/i) in C Y , comparing Frobenius- 
Perron dimensions, we obtain 

[G : G Y }mFPdiuiY = FPdimL F (7V, v) < FPdim(X, /i) = e[G : G Y ] FPdimF. 

Therefore e = m, and necessarily (X,fi) = Ly(N,v). This implies surjectivity of 
the map induced by Ly from (a) to (b). 

Suppose (N f , v 1 ) ¥ (N, v) is a simple summand of Fy(X, fi), with (N' , v') as in 
(b). Applying the forgetful functor C Y —> C and comparing the multiplicity of Y 
we get 

e = dim Hom c (F, X) > dimHom c (Y, N © N') = m + dimHom c (Y, N') > m. 

This is a contradiction since e = m. Hence (N, v) is the unique, up to isomorphisms, 
simple object as in (b) such that 

Hom CG (L y (iV,i/),(X,/x))~Hom cGy ((7V, I /) J iV(X J /i))^0. 

This proves injectivity of the map induced by Ly. Thus this map is bijective, as 
claimed. 

Now suppose that the class of the simple object (X, fx) of C G as in (b) corresponds 
to the class of the simple object (N,v) of C Gy as in (a). The proof above shows 
that N ~ Hom c (T, N) <g> Y. 

As we have shown, dim Home (Y,X) = dim Home (Y, X) . Since N is a direct 
summand of X in C, then Komc(Y, N) C Homc(Y, X), thus these spaces are equal. 
Furthermore, the corresponding projective representations given by Formula (|2.7[) 
clearly coincide on both spaces. This finishes the proof of the theorem. □ 

Combining Theorem 12. 121 with Proposition 12.61 we obtain the following: 

Corollary 2.13. There is a bijective correspondence between the set isomorphism 
classes of simple objects (X,n) of C and the set of pairs (Y,ir), where Y runs over 
the orbits of the action of G on Irr(C) and tt runs over the equivalence classes of 
irreducible ay -projective representations of the inertia subgroup Gy C G, where 
ay £ H 2 (Gy,k*) is the cohomology class of the cocycle ay determined by (|2.6[) . 

Let (X,/i) be the simple object corresponding to the pair (Y,tt). Then we have 
X ^ ©t gg /Gy p t (^7r ®Y). In particular, FPdim(X, fj.) = dim7r[G : Gy]FPdimF. 

□ 

Let Y £ Irr(C)/G and let it be an irreducible ay-projective representation of the 
group Gy. We shall use the notation Sy^ to indicate the isomorphism class of the 
simple object of C G corresponding to the pair (Y,tv). We shall also say that such 
simple object Sy^ lies over Y . 

Remark 2.14. For every set 1Z of left coset representatives of Gy in G and for every 
collection of isomorphisms {c 9 : p 9 {Y) — » Y} ge c Y i the class Sy^ is represented by 
the simple object Sy '■= Lyijt ® Y), with the G^-equivariant structure on tt ® Y 
given by ([2~8)l . 

Let us describe more explicitly the dependence of the simple object Sy'£ on 
the choice of the isomorphisms c h : p h {Y) — > Y. Suppose we are given another 
collection of isomorphisms d — {c' 9 }. Then, Y being simple, for any g £ Gy we 
can write c' g = d c , c >(g)c 9 , for some scalar d c c >(g) £ k* . It follows from (|2.8[) that 
7r ® Y = d~l,Tr ® Y as objects of C Gy . Hence 

(2.20) S^;: = Ly-(n ® Y) = L?(d"^ tt ® Y) = S%* ly 



Theorem 12. 121 implies the following: 
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Lemma 2.15. Let Y G Irr(C) and let 7r be an ay -projective representation of Gy . 
Then 

(2.21) 7r~Homc(y, S Y ,n) 
as Gy -projective representations. 

Proof. Let V n denote the vector space of the representation ir. We have Sy t7r ~ 
LyiV^ ® Y, (n(g) ® c 9 ) g( zc), where c 9 : p 9 {Y) — ► Y is a collection of isomorphisms. 
It follows from Proposition [231 and Theorem I2TT21 that tt ~ Hom c (Y, V„ <g> Y) ~ 
Romc(Y,S Ytn ). □ 

As a consequence we now get: 

Proposition 2.16. Let Y G Irr(C) and let n be an irreducible ay -projective repre- 
sentation of Gy . Then, for all (X,p) E C G , we have 

dimHom C G(5y^, (X, fj,)) = mG Y fa Hom c (Y, A)). 

In particular, the simple object Sy t7T is a constituent of (X, p) if and only if tt is a 
constituent of Home (Y, X) . 

Here, mG Y (n, Homc(Y, X)) denotes the multiplicity of n in Home(Y, X). See 
Section [5j 

Proof. We have a decomposition (X, p) ~ ®(z, 7 ) Hom c c (Sz,-y, (X, p))®Sz,^, where 
Z runs over a set of representatives of the orbits of the action of G on Irr(C) and 7 
is an irreducible a^-projective representation of Gz- Since Home(Y, Sz,j) = 0, for 
all Z ^ Y , then, as projective Gy-represcntations, 

Hom c (Y, A) ~ @{z n ) Hom cG (S' z , 7 , (X, (i)) ® Hom c (Y, S Zr< ) 

~ © 7 Hom c c {Sy n , (X, n)) ® 7, 

the last isomorphism by Lemma 12.151 This implies the proposition. □ 

2.6. On the choice of isomorphisms in a fixed orbit. Let Y G Irr(C) and let 
t ; E G. Since p t (Y) is a constituent of F(Sy,tt), it follows from Theorem 12.121 that 
SV> ~ Sptfy^g, for some irreducible projective representation S of G p *(y). In this 
subsection we discuss the dependence of 8 upon it and the choice of the sets of 
isomorphisms cy, c p try)- 

Let 7r be a projective representation of Gy with factor set ay and let *7r be 
the conjugate projective representation of G p t/ Y ) = tGyt^ 1 =: l Gy. That is, 
Vt^ = Vn and the action is defined as t ir(h) = 7r(i _1 /it), for all h G Gy. Denote 
by 'ay the 2-cocycle of G p t(y) given by 

(2.22) t a Y {tht- 1 ,ttit- 1 )=a Y {h,h'), h,h'eG Y . 

Then *7r is a projective representation of G p t(y) with factor set ot Y . 

Note that a given collection of isomorphisms c 9 : p 9 (Y) — > Y, g G Gy , determines 
canonically a collection of isomorphisms (*c) 9 : p 9 (p t (Y)) — > p t (Y), g G t Gy, in 
the form 

(2.23) Cc) 9 := /9*(c^ lfft ) (p^^y 1 (p 9 /)y. 
Indeed, t~ Y gt G Gy since G p *(y) = tGyt" 1 . 

Remark 2.17. Assume that Y is a simple object representing a class in a fixed orbit 
of the action of G. For the objects p t (Y), let the isomorphisms t c be given as in 
([2~23]) . Then formula (|2~6)l gives the 2-cocycle 5 (9 t ( y)(t/it~ 1 , t/i'i -1 ) = 5y(/i, ft') on 
the inertia subgroup G p t ry\ . 
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Lemma 2.18. Let H be a subgroup of G and let (M, v) G C H . Then, for all x G G, 
(p x (M), x v) G C* H with equivariant structure ( x v^ xhx : p xhx p x [M) — > p x (M) 
defined, for every h G H , as the composition 

(2.24) p xhx \p x (M)) P ^ '*> p xh {M) {p * h) \ p x (p h (M)) ^% P X {M). 

Proof. Consider the 2-cocycle 5 p ^(a/) G Z 2 (G p xff^\, k*) associated to the collection 
of isomorphisms x v. Since v is an equivariant structure on M, it has a trivial 
associated 2-cocycle. It follows from Remark 12.171 that Sf p »(Af) = 1 and therefore 
x v does define an equivariant structure on p x (M). □ 

Corollary 2.19. Let c be the collection of isomorphisms given by equation (|2.23[) 
and let Vt^ ® p t (Y) be the associated object of C G p^ Y ) . Then p*(K ®Y) = Vt v ® 
p\Y) in C 6 "*^). 

In particular we have an isomorphism of 'Gy-equivariant objects p (V n ® Y) ~ 
Vt n (gi p'(Y), where the l Gy -equivariant structure on Vt^ (g) p*(F) is induced by 
any choice of isomorphisms c p t(y) for p t (Y). 

Proof. By Lemma 12.181 a G p * (y)-cquivariant structure on ® Y) is given by 

p^pHv^y) » P t,l (K®r) P y (K®y) x( " )8pt(4) > ^^(Y), 

for every h <E H. Since t Tr(tht~ 1 ) = ir(h), for all /i G if, this coincides with the 
equivariant structure of V* w ® p'(Y) induced by *c. □ 

Suppose now that for every h G Gy we have arbitrary isomorphisms 

: p tw ~ Vcn woo 

These give rise to isomorphisms 

Since p t (Y) is a simple object, there exist scalars dy(t, h) G k* such that 

(2.25) P*(.4)(A h r'pf^'* = dy(t, h)c$}y], 
for all h G H. 



3. Fusion rules for C g 

In this section we shall assume that C is a fusion category over k and p : G — > 
Aut g C is an action of G on C by tensor autoequivalences, that is, p;^ : P 9 p' 1 — > P gh 
are natural isomorphisms of tensor functors, for all g, h G G. Thus, for all g G G, 
p 9 is endowed with a monoidal structure (pf)x,y : P 9 {X ® Y) — > p 9 {X) (g> p 9 (Y), 
X,Y G C, and the following relation holds: 

(3-1) P2 x ,yP2 X®Y = (P2 X®P2 y) P2p h X,p h Y P 9 (P2xy)i 

for all g, h e G, X,Y G C. 

Then C G is also a fusion category with tensor product (X, px) ® (Y,py ) = 
(X®Y, (hx®Py)P2 X ,y)i w hcrc for all g G G, p 2 ^ y : p 9 (X®Y) -4 p 9 {X)®p 9 (Y) 
is the monoidal structure on p 9 . 
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Let 7r : G — > GL(V) be a finite dimensional representation of G on the vector 
space V. Then the (trivial) object V <S> 1 G C has a G-equivariant structure defined 
by ir(g) g) idi : /^(V ® 1) — >• V" ® 1. This induces an embedding of fusion categories 
rep G — > C that gives rise to an exact sequence of fusion categories 

(3.2) repG^C G ^C. 
See H Subsection 5.4]. 

Remark 3.1. Let G(C) be the set of isomorphism classes of invertible objects of C. 
The exact sequence (|3.2[) induces an exact sequence of groups 

1 -»■ G -> G{C G ) -> Go(C) -> 1, 

where G ~ G/[G, G] denotes the group of invertible characters of G and Go(C) is 
the subgroup of G(C) consisting of isomorphism classes of invertible objects which 
are G-equivariant. Indeed, F preserves Frobenius-Perron dimensions, and thus it 
induces a group homomorphism F : G(C G ) —> Go(C), which is clearly surjective. 
The kernel of F coincides with the invertible objects of fiztp = repG. 

Remark 3.2. Note that if it is an irreducible representation of G = Gi on V, then 
the simple object (V <8> 1, {~n{g) <8> idi) s ) of C G is isomorphic to the simple object 
Si.-* corresponding to the pair (l,7r) as in Corollarv l2.13l 

3.1. Orbit formula for the tensor product of two simple objects. Let 

Y,Z,U G Irr(C) and let n, 7, 5, be projective representations of the corresponding 
inertia subgroups with factor sets determined by (|2.6[) . Let also Sy,w, Sz,j and Su,s 
be the associated simple objects of C G . 

The multiplicity of Sjj,s in the tensor product Sy,it ® Sz }1 is given by the dimen- 
sion of the vector space Homcc (Su,s, Sy,-* <8 Sz,y)- In view of Proposition 12.161 
this multiplicity is the same as the multiplicity of 5 in the space 

(3.3) Hom c (i7, S Yt n®S Ztl ), 

regarded as an a^-projective representation of Gjj- 

Consider the diagonal action of G on G/Gy x G/Gz coming from the natural 
actions by left multiplication of G on G/Gy and G/Gz- The stabilizer of a pair 
(t, s) is the subgroup l Gy D S G Z C G. 

As objects of C, we have that 

Sy, v ®S Zn ^ ( P U (V„®Y))®( p v (V 7 ®Z)) 

uEG/Gy vEG/Gz 

- p u {V«®Y)®p v (V 1 ®Z) 

(u,v)EG/G Y y-G/G z 

= 0^, 

O 

where the last summation is over the distinct G-orbits O in G/Gy x G/Gz, and 
for every G-orbit O. 

(3.4) So :=® {u>v) eoP u (V v ®Y)®p»{V 1 ®Z). 

The subgroup Gu acts on G/Gy x G/Gz by restriction and every G-orbit in 
G/Gy x G/Gz is a disjoint union of G^-orbits. Note that the stabilizer of (t, s) G 
G/Gy x G/Gz under the action of Gy is the subgroup T = GuHtGyt^ 1 (IsGzs^ 1 . 

Lemma 3.3. For every G-orbit (respectively, Gjj-orbit) O C G/Gy x G/Gz, So 
is an equivariant subobject (respectively, a Gu-equivariant subobject) of the tensor 
product Sy <n Cg) Sz.-y- 
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Proof. We shall prove the statement for G-orbits, the proof for G^-orbits being 
analogous. Let g G G. The equivariant structure a 9 := u 9 of Sy.-k ® Sz-y is 

" Y"j 7r ® Z , *y ' 

given componentwise by 

where, for every £ G/Gy x G/Gz, Mgy and MsC are gi yen by formula 

P^|) . It follows that 

Gu fl )"' , V(K ® v s ® p tt (y) ® p*(z)) c k ® v« ® p u \y) ® /(z), 

where (u', t/) G G/Gy x G/Gz are uniquely determined by the relations gw = u'/iy 
and gv = v'hz, with fry G Gy and Tiz G Gz- Therefore, p 9 (So) Q So, for all 
g G G. This implies the lemma. □ 

The map G x G — > G, (a, 6) h-> a _1 6, induces a surjective map p : G/Gy x 
G/G z -> Gy\G/Gz, such that P (tGy,sG z ) = Gyt^sGz- 

Let 0g(^ s ) denote the G-orbit of an element (t, s) G G/Gy x G/Gz- Observe 
that for all g G G, we have p~ x (GygGz) = Oo(e,g). Therefore, p induces an 
identification between the orbit space of G/Gy x G/Gz under the action of G and 
the space of double cosets Gy\G / 'G z ■ Combining this with (|3.4p . we obtain: 

Corollary 3.4. We have a decomposition Sy i7r ® Sx i7 ~ ©DgG y \G/G z ^£>> where 
Sd ■= © t -i a6D /(K ® 30 ® P S (^7 ® Z )- Moreover, /or aH £> G Gy\G/G Z; 5 D is 
a G- equivariant subobject of Sy,n ® Sz.-y- □ 

3.2. Projective representation on multiplicity spaces. It follows from Lemma 
EOthat for every G-orbit O C G/Gy x G/G z , the space Ho := Hom c ([/, S* ) is 
an ay-projective representation of Gu- 

Let = 0\ U • • • U 0„ o be the decomposition of into disjoint G^-orbits 
01, ... , O no . Then, for all 1 < i < no, the space ~H[i) = Homc(f7, SoJ is also an 
a^-projective representation of Gu, where So f ■= ®( u .v)eOi p u {V- K ®Y)®p v {V 1 ®Z). 

Furthermore, as G^-projective representations, 

Rome(U, S Y ^ ® S* z , 7 ) ©o^o ®o ©?=i 

where summation is understood to run over all orbits O = Oo(t,s) such that 
Rom c (U,p t (Y)®p s (Z)) ytO. 

For every (t, s) G G/Gy x G/G z , let 

Wt, a := Hom c (J7, V t7r ® V* 7 ® p\Y) ® p s (Z)). 

Lemma 3.5. Let t,s G G. T/ien T-Lt, s is an u\j\t -projective representation of 
T = Gu l~l *Gy fl s Gz- Moreover, for all 1 < i < n, we have 

(3.5) H(i) = H.omc(U,S 0i )= H M , 

(t,s)eOi 

as projective representations of T . 

Proof. Since Vi T ® and Vi 7 €5 p s (Z) are *Gy n s G^-equivariant objects, so is 

their tensor product. Lemma 12.41 implies that T-Lt,s is an ay ^-projective represen- 
tation of T. The decomposition (|3.5[l follows from the definition of So t - □ 

Proposition 3.6. Let U,Y, Z G Irr(C) and let t,s G G. TTiera £/ie vector space 
t u ,s (Y, Z) := Homc(f/, p (Y) ® p s (Z)) carries an a-projective representation of the 
subgroup T := Gu riG p t(Y)(^Gp s {z), where a := au\TO~^ Y ) \ Ta p"(z) \t- The action 
of g G T is given by 

(3-6) g-f = {<? p t(y) ® c 9 p s( Z )) (pDpHy), p -{z) P 9 (f) 
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for all f £ Homc(C/, p t (Y) <g> p s (Z)). Furthermore, 

H t)S ^*tt|t ® s 7|t ®t^ s {Y,Z), 
as projective representations of T. 

Remark 3.7. Observe that the equivalence class of the projective representation 
r^ s (y, Z) is independent on the choice of the isomorphism classes of U, Y, Z as well 
as on the choice of isomorphisms c p *(y), c p s( Z } and c\j. 

Proof. Given X £ Irr(C), we shall consider in what follows a fixed (but arbi- 
trary) collection of isomorphisms cx = {c 9 x : p 9 {X) — > X} g& G x - Let also ax £ 
Z 2 (Gx,fc*) be the associated 2-cocycles. 

We first show that formula (|3.6|) does define a projective representation of T with 
factor set a^lra't^lTa" 1 ^^. Let g,heT, f e Uom c (U, p\Y) <g> p s {Z)). Using 
the definition of the cocycles a given by (|2.6I) and relation (|3.1[> . we compute: 

g.(h.f) = (c g ptY ® c% z ) {p 9 2 ) ptY< p , z( f [(c h ptY ® c£. z ) (^) pty . psz /(/) 4" 1 

= ® (pf) pt y, , Z ^(c£ ty ® C^) p 9 ((p' 2 l ) ptY , p *z) 

pvp^np^ctj)- 1 ^- 1 

= (C% ® c p=z) (A^y) ® P^z)) (pfW, P °ZP 9 ((p h 2 ) p tY, P > Z ) P 9 p\f) 

= (# y ® c*. z ) (^(c^y) ® ^( C ^ z )) (o# h ); t 1 y ® V*) (pf )p t y, p=Z 

(pi ,h ) < ,«y® P .zP ff P h (/)p ff (4) _1 4~ 1 
= a-^{g, h)a- p } z {g, h){c% ® t# z ) (pf ) pt y, p * z P ah {f){pl> h )u P 9 ^)" 1 4" 1 

= a~ t y{g, h)a p } z (g, h)a v (g, h) {c 9 ptY ® c 9 pSZ ) {pf) p t Y . P >zP ah (f) <# 
= oyy(5, h)a~} z {g, h)a v (g, h) (gh.f). 

On the other hand, with respect to the given choice of isomorphisms {cj} 9£ g x , 
X e Irr(C), the *Gy (~l s G z -equi variant structures on Vt n ® /Q*(Y) and K 7 ® /0 S (Z) 
are given, respectively, by t ir(g) ® c p *(y) : /^O^w ® p'QO) — ► ^*tt ® an d 
S 7(ff) ® cj. (if) : (K 7 ® p s (Z)) -> V* 7 ® p s (Z), for all geT. 

Thus, the action of g £ T on / £ % >s = Hom c ([7, V*,, (8 V* 7 ® p*(y) ® p s {Z)) is 
determined by 

5-/ = C<g) ® s i{g) ® c? pHY) ® c». (z) ) (vi* ® v Sj ® (pf )pt ( y), p .(z)) 

= Ms) ® s 7(3) ® ((c^ (y) ® c». (if) ) (/>i)p*(y),p.(z)) 

In view of the fc-linearity of the functors p a , g € G, this implies that the canonical 
isomorphism 

Vt„ ® V* 7 (8) Hom c (C/, (8 p s (Z)) ~ Hom c (?7, ® K 7 ® p\Y) ® p s (Z)) 

is indeed an isomorphism of projective representations of T. This finishes the proof 
of the proposition. □ 

Proposition 3.8. Let (t, s) £ O i} 1 < i < n, and let T t = Gu H U G Y H Si G z 6e its 
stabilizer in Gjj- Then 'H(i) ~ Indy ' rit.s, as projective Gjj -representations. 

Proof. The proposition follows from Lemma 13.51 in view of Lemma 15.11 Note that 
the group Gjj permutes the set C; transitively. □ 
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3.3. Fusion rules. The following theorem gives the fusion rules for the category 
C G . 

Theorem 3.9. Let U,Y,Z £ Irr(C) and let 5, 7T, 7 be irreducible projective repre- 
sentations of the inertia subgroups Gjj , Gy , Gz with factor sets determined by 
(|2.6[) . Then the multiplicity of Sjj,s in the tensor product Sy,-k <8> Sz,j is given by 
the formula 

( 3J ) E E rnrMrt, Mr,® s ^\ Tt ® r^ u {Y, Z)), 

DeG Y \G/G z l<i<n 

Home (U,p*i Y®p s i Z)^0 

where (ti, s±), . . . , (t n , s n ) are representatives of the distinct Gjj -orbits 0±, . . . , O n 
in G/Gy x G/Gz and, for all 1 < i < n, Ti = Gjj n 4i Gy n Si Gz, and denotes 
the multiplicity form of projective Ti-representations. 

Proof. It follows from Proposition 12.161 that 

dimHom C G(S';7,5, Sy,tt ® S z ,-y) = rriGu {S, Hom c (/7, Sy,* ® S z ,j))- 

In view of Corollarv l3.4l we have a decomposition 

Hom c (U, S y ,k ® S z , y ) ~ Hz, , 

D£Gy\G/Gz 

as projective representations of Gy, where 

Hd~ Rom c (U,p t (V 7r <E)Y)(g>p s (V 1 <E>Z)). 

Consider a decomposition Oi U - • • UO n of G/Gy x G/Gz into disjoint G [/-orbits, 
and let ~ Homc(C/, SoJ, 1 < i < n, as in (|3.5p . 

Let also (£j,s,j) £ Oi be a representative of the orbit Oi with stabilizer Ti = 
n U G Y n Si Gz. By Proposition ET81 we have 

^-0 Ind^H tl , Sl , 

l<i<n l<i<n 

Therefore, using Frobcnius Reciprocity and Proposition 13. 61 we get 
dimHom C G(S'(7,5, Sy> <g> S z ,~<) = E m Gu(S, Hd) 

DeG Y \G/G z 

= E E m G[7 (<5, Ind^H tl , Sl ) 

DeGy\G/Gz l<i<n 
t~ 1 s l eD 
Komc(u'p t >Y®p s > Z)^0 



E E "»r«(*h, n u , St ) 



D(EG Y \G/Gz l<i<n 

Home (U,p t *Y®p s * Z)^0 



E E ^OW^k®^®^'*^)). 



D(EG Y \G/Gz l<i<n 
t~ 1 s i eD 
Home ((7,p tl F®p 3 » Z)#0 



Thus we get formula (|3.7|) . This finishes the proof of the theorem. □ 

Remark 3.10. As a consequence of Theorem 13.91 we get that the structure of the 
Grothendieck ring of C G is similar to that of the rings introduced by Witherspoon 
in [T7]. 
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Corollary 3.11. A simple object Su,s is a constituent of a tensor product of simple 
objects Sy,ir ® Sz,y if and only if there exist t G G/Gy and s G G/Gz such that 

(a) Hom c (?7,p t (y) ® p s (Z)) ^ and 

(b) m T (6\ T , 1 t:\t® s i\t®t^ s {Y,Z)) ^ 0, w/iere T — G\j fl tGyt~ l n .sGys" 1 . 

□ 

3.4. The dual of a simple object. Let F 6 Irr(C). Then the multiplicity of the 
unit object of C in the tensor product Y ®Y* is one. Hence ry := T^' e (Y, F*) = 
Homc(l,Y (g> y*) is a one dimensional (linear) representation of G = G\. In 
particular, it follows from Proposition l3.6l that the cohomology class of the product 
ay ay is trivial on Gy = Gy*. 

Recall that the dual tt* of the Gy-projective representation tt is defined as V* 
with 7r*(/i)(/) = / o 7r(/i) _1 . This is an a^-projective representation of Gy. 

Proposition 3.12. The dual object of Sy.n G C G is determined by 

Proof. Observe that S Y — Sz.-y, for some Z G Irr(C)/G and some a^-projective 
representation of Gz- On the other hand, S Yv — Sz.-y if and only if the unit object 
is a constituent of Sy t7T <E> Sz,^- Since the unit object of C is isomorphic to if?i ie , 
where e denotes the trivial representation of Gi = G, it follows from Corollary 
13.111 that S Yn — S Y , 7r ,^ T -i, where ry = Homc(l, Y ® Y*). Since Ty is a linear 

character of Gy, then tt* ®t y ~ tt* as projective Gy-representations (see Section 
[5]). Then S Y , n ,^ T -i ~ Sy*, „■» and the proposition follows. □ 

Combining Proposition 13.121 with Frobenius Reciprocity we obtain: 

Corollary 3.13. Let Y,Z G Irr(C)/G and Zei 7T, 7 be projective representations 
of Gy and Gz with factor sets determined by (|2.6[) . Let also S be an irreducible 
representation of G. Then Si,s is a constituent of Sy.it® S* z if and only if Z = Y* 
and S is a constituent of (tt (S> 7*) . □ 

3.5. C G as a rep G-bimodule category. Let us regard the category repG as a 
fusion subcategory of C G via the natural embedding tt h-> (tt ® 1, 7r(<?) (g) idi). So 
that the tensor product of C G makes C G into a rep G-bimodule category. 

The results in Section [5] imply that there is an equivalence of fc-linear categories 
C G ~ ©Fgirr(c)/G re P ay Gy , where rep aY Gy is the category of finite dimensional 
oy-projective representations of Gy. Under this equivalence, a simple object tt of 
rep ay Gy, that is, an irreducible ay -projective representation of Gy, corresponds 
to the simple object Sy i7r of C G . In other words, rcp Qv , Gy is identified with the full 
subcategory of C whose simple objects are lying over Y. An explicit equivalence 
is determined, for every Y G Irr(C)/G, by the functors Ly : C Gy — > C G and 
F Y :C G -> C Gy . 

For each F G Irr(C), the category rep ay Gy is in a canonical way an indecom- 
posable rep G-bimodule category via tensor product of projective representations; 
see [TSl Theorem 3.2]. As a consequence of Theorem 13.91 we obtain: 

Theorem 3.14. There is an equivalence of rep G-bimodule categories 

(3.8) C G c rep Qy Gy. 

YGlrr(C)/G 

Moreover, each rep a Gy is an indecomposable rep G-bimodule category. 
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Proof. Let tt be an irreducible representation of G, so that it corresponds to the 
simple object £ repG, and let Sz, 7 £ rep a Gz be another simple object, 
where Z £ Irr (C)/G. It follows from Corollary 13.111 that if the simple object Su,s> 
U £ Irr(C)/G, is a constituent of Si i7r <£> Sz,f, then U ~ p s (Z), for some s £ 
G/Gz- Hence U = Z and thus the group T = Gz fl Gi fl Gz coincides with 
Gz, t~u(1,Z) ~ Homc(Z, Z) is a one dimensional (linear) representation of Gz- 
Therefore 7t|g z ® 7 €5 i7j(l, Z) ~ 7t|g z ® 7 as projective representations of Gz- 

By Thcorcm l3.9l the multiplicity of Su t s in the tensor product S\^® Sz,-y equals 
mG z (S, 7r ® 7). Therefore we obtain 

S 1 !^ (8 Sz, 7 ^ (J) m Gz (S, tt\ Gz ®7) Sz,c5, 

where 5 runs over the equivalence classes of a^-projective representations of Gz- 
Clearly this object corresponds to n\c z ® 7 £ rep Qz Gz- 

Similar arguments apply for the tensor product Sz, 7 <8> S'i.t- This completes the 
proof of the theorem. □ 

For any U £ Irr(C), let us extend the notation Sjj.s = Ljj{8 U) to indicate the 
object of C corresponding to an arbitrary a^-projective representation 5 of Gjj. 

Remark 3.15. Let Y, Z £ Irr(C) and let Sy tt: $z,j be simple objects of C G lying 
over Y and Z, respectively. So that n is an irreducible ay-projective representation 
of Gy and 7 is an irreducible az-projective representation of Gz- 

According to Theorem l3.14l the tensor product Sy,* <8> Sz,~/ has a decomposition 

(3.9) S Y ^^Sz, 7 = S UtS , 

U&n(C)/G 

where, for all U £ Irr(C)/G, Stj,s £ C g is the sum of simple constituents of Sy^ ® 
5z. 7 lying over [/. It follows from Proposition 12.161 that 5 = Homc(t/, Sy.^ <E) Sz, 7 )- 

Remark 3.16. The action of G on C induces an action of G on gr(C) by algebra 
automorphisms. Let gr(C) G C gr(C) be the subring of G-invariants in gr(C). For 
every Y £ Irr(C), let us consider the element 

(3.10) S(Y) := P'Onegr(C)- 

t£G/G Y 

Clearly, we have S(Y) £ gr(C) G and S(Y) = S(p 9 (Y)), for all Y £ Irr(C). Observe 
that F l (S Y ^) = (dhriTr)S(y), where F { : gr(C G ) -> gr(C) is the ring map induced 
by the forgetful functor F : C G -> C. Moreover, the set {5(F) : F £ Irr(C)/G} is 
a basis for gr(C) G and, for all Y, Z £ Irr(C)/G, we have 

(3.11) S{Y)S{Z)= m Y, Z S{U), 

C/Glrr(C)/G 



for some nonnegative integers m u 



y.z- 

G 



Let Y,Z,U £ Irr(C)/G. Consider any fixed simple objects Sy^ and Sz, 7 of C 
lying over Y and Z , respectively. Applying the map F~ in formula (|3.9p . we obtain 
that m YZ = dim5/(dim7r)(dim7), where S = Home (U, Sy l7I ® Sz, 7 ) — K- ® V~, <S> 
(® { t !S )£G/G Y xG/G z Hom e (U,p t (Y)®p s (Z))). Therefore, for all Y, Z, U £ Irr(C)/G, 
the integers my z are given by the formula 

m Y.z= Y dimHom c (C/, j o t (r) ® ^(Z)). 

(t,s)EG/G Y xG/G z 
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4. Application to equivariantizations of pointed fusion categories 

Wc shall consider in this section a pointed fusion category C, that is, all simple 
objects of C are invertible. Then there is an equivalence of fusion categories C ~ 
C(T,ui), where T = G(C) is the group of isomorphism classes of invertible objects in 
C, u : T x T x T — » k* is an invertible normalized 3-cocycle and C(L, uj) = Vec^ is the 
category of finite dimensional T-graded vector spaces with associativity constraint 
induced by uj. 

4.1. Group actions on C(T,uj) and equivariantizations. Let C = C(T,ui) and 
let G be a finite group. An action p : G — > Aut gC of G on C is determined by an 
action by group automorphisms of G on T, that we shall indicate by x > 9 x, x G T, 
g G G, and two maps t : G xT xT — > k*, and a : G x G x T — > k* , satisfying 

uj(x,y,z) T(g;xy,z)r(g;x,y) 



u{3x,9y,9z) T(g;y,z)T(g;x,yz) 
a(h, I; x) hi; x) 



1 = 



a(ghj;x)a(g,h; l x) 
r(gh; x, y) _ <r(g, h; x) a(g, h; y) 



T(g; h x, h y)T(h;x,y) <r(g,h;xy) 

for all x,y, z G T, g,h,l G G. 

We shall also assume that r and a satisfy the additional normalization conditions 
r(g;x,y) = o~(g,h;x) — 1, whenever some of the arguments g, h, x or y is an 
identity. 

The action p : G — > Aut g C determined by this data is defined by letting p 9 (x) = 
9 x, for all g G G, x G T, and p 9 = id on arrows, together with the following 
constraints: 

(4.1) (P2 h )x = o-ig^-^y 1 id 9 h x , (p%) x , y = T{g\x,yy x \d xy , pi = id e , 
for all 5, h G G, x, y G T. See [TBI Section 7]. 

4.2. Fusion rules for C(T, lu) g . Let us denote a x (g, h) := a(g, h; x) and T XiV (g) := 
r(g;x,y), x,y G T, g,h G G. 

For all x G T and g G Ga; we let the isomorphism c x : 9 x — x — > x to be the 
identity of x. Therefore, the cocycle a x : G x x G x — > k* defined by (|2.6I) is given 
by 

(4.2) a x (g,h) = a x (g,h)-\ 
for all g, h G G x . 

It follows from Corollarv l2 . 1 3l that the set of isomorphism classes of simple objects 
of C G is parameterized by isomorphism classes of pairs (j/,7r), where y runs over 
the orbits of the action of G on T and 7r is an irreducible projective representation 
of the inertia subgroup G y C G with factor set a y . 

Let O be a G-orbit in G/G y x G/G z corresponding to a double coset D G 
G y \G/G z . Then O = Oc(e,g), for any g G D, and O contains at most one Gu- 
orbit, Oou(t, s), t -1 s G -D, such that Homc(i, '?/ (g> s z) / 0. Indeed, the condition 
Homc(i, t y<E) s z) ^ amounts in this case to x = t y s z. Thus, for all e^j£ G/Gjj, 
X -L9 X = 9t y gs z _ 

In addition, if a; = t y s z, then *G y n S G Z C G K . Therefore, G^ n 'G y n S G Z = 
* Gy n s G Z . 
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In the projective representation of t G y (~l S G Z in Homc(i,')/ s z) ~ k, defined in 
Lemma 13.61 the action of an element g £ t y s z is nothing but scalar multiplication 
by Ttys^g)- 1 . 

As a consequence of Theorem 13.91 the following theorem gives the fusion rules 
for the category C(T,oj) g . 

Theorem 4.1. Let x, y, z £ T and let 5, it, 7 be irreducible projective representations 
of the inertia subgroups G x , G v , G z with factor sets o~ x , o~ y , o~ z , respectively. Then 
the multiplicity of S Xt s in the tensor product S v ^ ® S zn is given by the formula 

DeG y \G/G, t - 1 seD 
x=*t/ s z 

Example 4.2. Consider a cocentral abelian exact sequence of Hopf algebras k — > 
k r — > H — > kG — > k, where T and F are finite groups. As special case of [HI 
Proposition 3.5], there is an action of G on the category C = C(T, 1) of finite 
dimensional representations of k r such that Rep H ~ C G as fusion categories (see 
[T2l Remark 2.1]). In this situation, the formula for the fusion rules of RcpiJ given 
by Theorem 14.11 specializes to the formula obtained by C. Goff in [5J Theorem 4.5]. 
See Section [SJ 

4.3. Braided group-theoretical fusion categories. Recall that a fusion cate- 
gory is called group-theoretical if it is Morita equivalent to a pointed fusion category. 
In view of [101 Theorem 7.2], a braided fusion category is group-theoretical if and 
only if it is an equivariantization of a pointed fusion category. 

More precisely, it was shown in [111 Theorem 5.3] that every braided group- 
theoretical fusion category is equivalent to an equivariantization C(£) G of a crossed 
pointed fusion category C(£) associated to a quasi-abclian 3-cocycle £ on a finite 
crossed module (G,X,d), under a canonical action of G on C(£). 

Recall that a finite crossed module (G, X, d) consists of a finite group G acting 
by automorphisms on a finite group X, and a group homomorphism d : X — > G 
such that 

dl - x) y = xyx' 1 , d( 9 x) = gd(x)g-\ g G G, x,y £ X, 

where x n> 9 x, x € X, g £ G, denotes the action of g on X. 

A quasi-abelian 3-cocycle £ on (G, X, d) is a quadruple £ = (w,7, /x, c), where 
uiIxIxI^Fisa 3-cocycle, 7:GxGxI^fc*,(i:GxIxX->t* and 
c : A x X — > k* are maps satisfying the compatibility conditions in [TTJ Definition 
3.4]. 

As a fusion category C(£) = C{X,uj), and the action of G on C(£) is determined 
by the action of G on X and formulas (|4.1[) . with respect to a x {g 1 h) := 7(5, h; x), 
T x,y{g) '■= Msi^y) -1 ; x iV e -^i Sj' 1 e See [TTJ Subsection 4.1]. 

Theorem 14.11 gives thus the fusion rules in the category C(£) in terms of group- 
theoretical data determined by the crossed module (G, X, d) and the quasi-abelian 
3-cocycle £, entailing the determination of the fusion rules in any braided group- 
theoretical fusion category. 

Example 4.3. Let w:GxGxG- >fc*bea 3-cocycle on G. Consider the crossed 
module (G, G, id) with respect to the adjoint action of G on itself. The quadruple 
£ = 7 _1 , H , 1) is a quasi-abelian 3-cocycle on (G, G, id), where 7 and \i are 
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defined in the form 

u(g, h, x)uj(ghxh- 1 g- 1 ,g, h) 



i{g,h x) 
Kg;x,y) 



uj(g,hxh 1 ,y) 

^{gxg' x ,g,y) 



u(gxg 1 1 gyg 1 1 g)uj(g,x,y)' 
for all g, h,x,y G G. 

The equivariantization C(£) G is equivalent to the category Rep D^G of finite 
dimensional representations of the twisted quantum double D U G introduced in 0]. 
See [HI Lemma 6.3]. 

Simple objects of C(£) G arc parameterized by S x ^, where x runs over a set of 
representatives of conjugacy classes of G and n is an irreducible projective repre- 
sentation of the centralizer Z(x) of x in G with factor set 7 X . Theorem 14.11 gives 
the following formula for the multiplicity of S x _s in the tensor product S y>v ® S Ztl : 

m tZ(y)t-insZ(z)s-i($, (g) s ~f n(-;tyt~ 1 ,szs~ 1 y 1 ). 

DeZ(y)\G/Z{z) t-igeD 

x— tyt~ 1 szs~ 1 

We point out that the fusion rules for the category RepD^G were also deter- 
mined in [SI Section 5]. 

5. Appendix 

In this Appendix we give a brief account of the results on projective representa- 
tions used in the paper. See for instance [5]. 

Let G be a finite group and let a : G x G — >• k* be a (normalized) 2-cocycle on 
G, that is, 

ot(g,h)a(gh,t) = a(g,ht)a(h,t), a(g,e) = 1 = a(e,g), Vg,h,t<EG. 

A projective representation tt of G with factor set a on a vector space V is a 
map tt : G — >• GL(V), such that 

?r(e) = idy, n(gh) = a(g, h)ir(g)ir(h), Vg,h G G. 

In other words, tt is a representation of the twisted group algebra fcgG on the 
vector space V. We shall also use the notation — V to indicate such a projective 
representation. 

Two projective representations tt and 7r' of G are called (projectively) equivalent 
if there is a linear isomorphism : V v — > V^-' and a map / : G — > k* such that 
(fm(g) — f(g)^'(g)(j>, for all g G G. In this case we shall use the notation 7r' ~ 7r. 

If tt' ~ 7r, then the associated cocycles a and 5' are related by 

a(g, h) = a'(g, h)f(g)f(h)f(gh)-\ g, h G G, 

that is, a and a' are cohomologous cocycles, and thus they belong to the same co- 
homology class a G H 2 (G, k*). We shall also call tt an a-projective representation. 
Note that the map / : G — > k* induces an algebra isomorphism / : fcgG — > k&>G 
in the form f{g) = f(g)g, for all g G G. Thus tt and tt' are equivalent projective 
representations if and only if ~ /*(VV) as fcgG-modulcs. 

Let 7r and tt' be projective representations of G with factor sets a and 3', re- 
spectively. The tensor product tt ® n' is the projective aa'-representation on the 
vector space V n ® V n < defined by (tt ® Tr')(g)(u ®v) = Tr(g)u <g> Tr'(g)v. In particular, 
if tt is a representation of G, then tt (g> tt' is again a projective representation with 
factor set a. 
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If tti and 7r^ are projective representations projectively equivalent to tt and tt' , 
respectively, then the tensor products tt\ ® n[ and 7r ® tt' are projectively equiva- 
lent. Further, suppose that tt' is a one-dimensional representation, that is, a linear 
character of G. Then tt and tt <8> tt' are projectively equivalent via the canonical 
isomorphism <\> : V % — > <E> k, v i-> v <g> 1, and the map / : G — > fc* given by 
/(<?)= tt'G/)- 1 , for all 5 GG. 

A nonzero projective representation 7r : G — » GL(V) of G is called irreducible if 
and V are the only subspaces of V which are invariant under Tr(g), for all g E G. 
Hence, 7r is irreducible if and only if it is not projectively equivalent to a projective 
representation p of the form 

where 7Ti and tt-i are nonzero projective representations or, equivalcntly, if V is a 
simple fcgG-module, where a is the factor set of tt [91 Theorem 3.2.5]. 

Let tt : G — >• GL(V) be a projective representation of G with factor set a. Since 
the group algebra fc^G is semisimplc, then V = V w is completely reducible, that is, 
~ V^-j © ■ • • © T4- n , where is a simple fcgG-module, for all i = 1, . . . , n. If 
tt' is an irreducible projective representation with factor set 5', then 7r' is called a 
constituent of 7r if 7r' is projectively equivalent to 7T; for some 1 < i < n. In this 
case, the multiplicity (or intertwining number) of 7r' in tt is defined as 

m G (-7r',7r) := dimHom fc -G(F 7ri , K-)- 

Observe that if tt' is a constituent of tt, then the cocycles 3' and a belong to 
the same class in H 2 (G,k*). Letting a'df = a, with / : G — > k* , we have that 
TOG(7r',7r) := dimHomfc 5 G(/*(V 7r '), V^), where / : k^G — > k^'G is the isomorphism 
associated to /. 

The character of a projective representation tt : G — > GL(V^) is defined as the 
map x = Xv ■ G — > k* given by x(d) = TrMflOX for all g E G. Let a be the factor 
set of tt. If tt' is an irreducible projective representation of G with factor set a and 
character x' , then the multiplicity of tt' in tt can be computed by the formula 

m G (7r',7r) = : = 7^77 V ~, _ x ^ x'(flMff -1 ) 

\G\ a (9 l ,9) 

G° C G is the subset of 5-regular elements of G. See [HI Chapter 5]. 

Let 5 : G x G — > k* be a 2-cocycle and let C G be a subgroup. Consider 
a projective representation VF of H with factor set 5|#. The induced projective 
representation of G is defined as Ind ff W = fcgG <S>k s H W. This is a projective 
representation of G with factor set a. By Frobenius reciprocity, we have natural 
isomorphisms 

Hom fe5G (Indg W, V) ~ Horn*.* (W, V| ff ), 
for every projective representation V of G with factor set 5, where V\h denotes 
the restricted projective representation of H . 

The following lemma gives a characterization of those projective representations 
which are induced from a subgroup. 

Lemma 5.1. Let a : G x G — > k* be a cocycle and let V be a k^G-module. Suppose 
V = ® X £xVx is a grading ofV by a set X and assume that there is transitive action 
ofGonX,GxX^X, (g, x) H> a x, such that g.V x = Vg x> for all g £ G, x E X . 



FUSION RULES OF AN EQUIVARIANTIZATION 



21 



Let also y 6 X and G y C G the inertia subgroup of y. Then V y is a k^Gy-module 
and V ~ Indg V y as k^G -modules. 
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